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Genetic Algorithms
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Genetic Algorithms

� Complete theory-structure and method for genetic algorithms 

have been developed by John Holland, his colleagues, and his 

students at the University of Michigan, Ann Arbor, 1975. 

(Original idea presented by A. S. Fraser in the Australian J. of

Biological Science, Vol.10, pp.484-499, 1957.)

� Genetic algorithms are search algorithms based on the 

mechanics of natural selection and natural genetics.

� Genetic algorithms have received considerable attention 

regarding their potential as a novel optimization technique for 

complex problems and have been successfully applied in 

various areas. 
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Pseudo Structure of Genetic Algorithms

Begin

Initialization;

Evaluation;

While (not termination condition) do

Selection;

Crossover; 

Mutation;

Evaluation;

End

End 



P.9/109

Representation

� Binary strings representation

� Real coding representation

1 1 1011011001

3.15 25.310.257.115.12
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Representation (cont.)

� The real coding representation is accurate and 
efficient because it is closest to the real design space, 
and, moreover, the string length is the number of 
design variables. However, binary strings 
representing each variable with the desired precision 
are concatenated to represent an individual, the 
resulting string encoding a large number of design 
variables would wind up a huge string length. 

� For example, for 100 variables with a precision of 
six digits, the string length is about 2000. The 
genetic algorithm would perform poorly for such 
design problems. 
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Selection

� The roulette wheel selection is employed.

� The basic idea is to determine selection probability 

for each chromosome proportional to the fitness 

value. 

1

22%

2

18%

3

15%

4

12%

5

10%

6

8%

7

6%

8

5%

9

3%

10
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Crossover

� One-cut-point crossover

x=(x1, x2, …, xk, xk+1, xk+2, …, xn)

y=(y1, y2, …, yk, yk+1, yk+2, …, yn)

x'=(x1, x2, …, xk, yk+1, yk+2, …, yn)

y'=(y1, y2, …, yk, xk+1, xk+2, …, xn)

交叉點為 k 點
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Crossover (cont.)

� Two-cut-point crossover

x=(x1, x2, x3, …, xk, xk+1, xk+2, …, xn)

y=(y1, y2, y3, …, yk, yk+1, yk+2, …, yn)

x'=(x1, x2, y3, …, yk, yk+1, xk+2, …, yn)

y'=(y1, y2, x3, …, xk, xk+1, yk+2, …, xn)

交叉點為 2 與 k+2 點
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Crossover (cont.)

� Uniform crossover

x=(x1, x2, x3, x4, x5, x6, x7, x8)

y=(y1, y2, y3, y4, y5, y6, y7, y8)

x'= (x1, y2, x3, y4, x5, y6, x7, y8)

y'= (y1, x2, y3, x4, y5, x6, y7, x8)

均勻交叉 01010101
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Crossover (cont.)

� Arithmetical crossover (linear combination)

x=(x1, x2, …, xk, …, xn)

y=(y1, y2, …, yk, …, yn)

x'=(x1, x2, …, x'k, …, xn)

y'=(y1, y2, …, y'k, …, yn)

� where x'k= β xk+(1-β) yk, y'k= (1-β) xk+β yk, 

and β is a random value, in which β ∈ [0, 1].
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Mutation

� Swap

x=(x1, x2, x3, x4, y1, y2, y3, y4)

x=(x1, y3, x3, x4, y1, y2, x2, y4)

x2 與 y3 互換



P.17/109

Mutation (cont.)

� Backward insert

x=(x1, x2, x3, x4, y1, y2, y3, y4)

x=(x1, x3, x4, y1, y2, y3, x2, y4)

x
2 
向後插入 y

3 
後
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Mutation (cont.)

� Forward insert

x=(x1, x2, x3, x4, y1, y2, y3, y4)

x=(x1, y2, x2, x3, x4, y1, y3, y4)

y
2
向前插入 x

1
後
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Mutation (cont.)

� Arithmetical mutation (linear combination)

x=(x1, x2, …, xi, xj, xk,…, xn)

x'=(x1, x2, …, x'i, xj, x'k,…, xn)

where x'i= (1- β )xi+β xk , x'k= β xi+(1- β )xk , 

and β is a random value, in which β ∈ [0, 1]. 
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Mutation (cont.)

� Arithmetical mutation (nonuniform mutation)

x=(x1, x2, …, xi, xj, xk,…, xn)

x'=(x1, x2, …, x'i, xj, xk,…, xn)

where x'i= xi+∆(t, xi
U-xi) or x'i= xi-∆(t, xi -xi

L).

� The function ∆(t, y) returns a value in the range [0, y] such 
that the value of ∆(t, y) approaches 0 as t increases (t is the 
generation number). 

� ∆(t, y) = y‧β‧(1-t/T)b, where β is a random number from
[0, 1], T is the maximal generation number, and b is a 
parameter determining the degree of nonuniformity. 
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Taguchi Method
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Taguchi Method

� The Taguchi method barrows many ideas from the 
statistical design of experiments to evaluate and 
implement improvements into products, processes, 
or equipment. 

� Its fundamental principle, largely speaking, is to 
improve the quality of concern by minimizing the 
effect of the causes of variation, but not eliminating 
the causes. 

� Two major mathematical tools are used: (i) the 
signal-to-noise ratio, which is a measurement of the 
quality, and (ii) the orthogonal array, which reduces 
a large number of design parameters into usually a 
much smaller number of experiments. 
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Orthogonal Array

� For example, the general symbol for a two-level standard 

OA is

Ln(2
n-1),

where

n = 2k is the number of experimental runs and also is

the number of rows,

k = a positive integer which is greater than 1,

2 = the number of levels for each factor considered, and

n-1 = the number of columns in the OA. 
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L
8
(27) Orthogonal Array

Factors 

A B C D E F G 

Column number 

 

 

 

Experiment 

number 1 2 3 4 5 6 7 

1 1 1 1 1 1 1 1 

2 1 1 1 2 2 2 2 

3 1 2 2 1 1 2 2 

4 1 2 2 2 2 1 1 

5 2 1 2 1 2 1 2 

6 2 1 2 2 1 2 1 

7 2 2 1 1 2 2 1 

8 2 2 1 2 1 1 2 
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L
16

(215) Orthogonal Array

Column number 
Experiment 

number 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 

3 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2 

4 1 1 1 2 2 2 2 2 2 2 2 1 1 1 1 

5 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2 

6 1 2 2 1 1 2 2 2 2 1 1 2 2 1 1 

7 1 2 2 2 2 1 1 1 1 2 2 2 2 1 1 

8 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2 

9 2 1 2 1 2 1 2 1 2 1 2 2 1 1 2 

10 2 1 2 1 2 1 2 2 1 2 1 1 2 2 1 

11 2 1 2 2 1 2 1 1 2 1 2 2 1 2 1 

12 2 1 2 2 1 2 1 2 1 2 1 1 2 1 2 

13 2 2 1 1 2 2 1 1 2 2 1 1 2 2 1 

14 2 2 1 1 2 2 1 2 1 1 2 2 1 1 2 

15 2 2 1 2 1 1 2 1 2 2 1 2 1 1 2 

16 2 2 1 2 1 1 2 2 1 1 2 1 2 2 1 

 



P.26/109

Orthogonal Array

� For example, the general symbol for a three-level 

standard OA is 

Lm(3(m-1)/2),

where

m = 3k is the number of experimental runs and also is the

number of rows, 

k = a positive integer which is greater than 1, 

3 = the number of levels for each factor considered, and 

(m-1)/2 = the number of columns in the OA. 
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L
9
(34) orthogonal array

Column number 

Experiment 

number 

1 2 3 4 

1 1 1 1 1 

2 1 2 2 2 

3 1 3 3 3 

4 2 1 2 3 

5 2 2 3 1 

6 2 3 1 2 

7 3 1 3 2 

8 3 2 1 3 

9 3 3 2 1 
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Signal-to-Noise Ratio

� A smaller-the-better characteristic: 

� A larger-the-better characteristic:

)
1

(log10
1

2
∑

=

−=
n

t
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n
η

)
11
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1
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−=
n

t tyn
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HTGA Approach
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Motivation

� A result is more robust if the relevant fitness values 

have a smaller standard deviation and, for this reason, 

the traditional genetic algorithm (TGA), which is 

largely based on the stochastic search techniques 

(Gen and Cheng, 1997), is less robust due to that the 

TGA usually has larger standard deviations.

� In this spirit, a natural question to ask is whether the 

Taguchi method may play a role in attaining more 

robust results, as the method has been well known to 

be a robust design approach.
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Abstract

� The HTGA combines the traditional genetic 

algorithm (TGA), which has a powerful global 

exploration capability, with the Taguchi method, 

which can exploit the optimum offspring.

� The Taguchi method is inserted between crossover 

and mutation operations of a TGA. Then, the 

systematic reasoning ability of the Taguchi method 

is incorporated in the crossover operations to select 

the better genes to achieve crossover, and 

consequently enhance the genetic algorithm.
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Introduction 

� Initially, improvements in the GA have been sought 

in the optimal proportion and adaptation of the main 

parameters, namely probability of mutation, 

probability of crossover, population size, and 

crossover operator (Grefenstette, 1986; Davis, 1989). 

� More recently, attention has shifted to breeding 

(Angelov, 2001; Leung and Wang, 2001; Tsai et al., 

2004). 
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Pseudo Structure of HTGA

Begin

Initialization;

Evaluation;

While (not termination condition) do

Selection;

Crossover;

Taguchi method;

Mutation;

Evaluation;

End

End 
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Flow Chart of HTGA
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Initialization.

START

Selection operation.

Crossover operation.

Mutation operation.

Offspring population is generated.

Sort the fitness values in increasing 

order among parents and offspring 

populations.

Select the better M chromosomes as 

parents of the next gereration.

Display the optimal chromosome and 

fitness value.

Meet stopping criterion ?

END

A

B

No

Yes

Select a suitable

two-level orthogonal array

for matrix experiments.

Choose randomly two chromosomes 

at a time. 

Calculate the fitness values and 

signal-to-noise ratios of  n

experiments.

Calculate the effects of the various 

factors.

The population via Taguchi method 

is generated.

Meet the expected number?

A

B

No

Yes

One optimal chromosome is 

generated based on previous step.
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Initialization

� The real coding technique is applied to solve 

optimization problems. 

Step 1: Generate a random value β, where β ∈ [0, 1].

Step 2: Let  xi=li+β (ui-li), where li and ui are the

domain of xi. Repeat N times and produce a

vector (x1, x2,…, xi,…, xN).

Step 3: Repeat the above steps M times and produce

M initial feasible solutions.
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Selection Operation

� The roulette wheel selection is employed.
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Crossover Operation

� The crossover operators used here are one-cut-point 

operator integrated with arithmetical operator 

derived from convex set theory (Bazaraa et al., 1990; 

Gen and Cheng, 1997), which randomly selects one 

cut-point, exchanges the right parts of two parents, 

and calculates the linear combinations at the cut-

point genes to generate new offspring. 
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x = (x1, x2, …, xk, xk+1, xk+2, …, xn)

y = (y1, y2, …, yk, yk+1, yk+2, …, yn)

x'= (x1, x2, …, x'k, yk+1, yk+2, …, yn)

y' = (y1, y2, …, y'k, xk+1, xk+2, …, xn)

� where x'k= xk+β (yk-xk), y'k= lk+β (uk-lk), lk and uk are 

the domain of yk, and β is a random value, in which 

β ∈ [0, 1]. 

Crossover Operation (cont.)
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Taguchi Method

� The orthogonal arrays of the Taguchi method are 

used to study a large number of decision variables 

with a small number of experiments. 

� The better combinations of decision variables are 

decided by the orthogonal arrays and the signal-to-

noise ratios. 

� A two-level orthogonal array is used.
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Taguchi Method (cont.)

� The signal-to-noise ratio (η) refers to the mean-

square-deviation of objective function. 

� Let ηi = yi or 1/yi if the objective function is to be 

maximized (larger-the-better) or minimized (smaller-

the-better), respectively. Let yi denote the fitness 

evaluation value of experiment i and i=1, 2, …, n, 

where n is experiment times. 
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Taguchi Method (cont.)

� The effects of the various factors (variables) can be 

defined as following:

Efl = sum of  ηi for factor f at level l

where i is the experiment number, f is the factor name, 

and l is the level number. 

� For the two-level problem, if Ef1 > Ef2, the optimum 

level is the level 1 for factor f. Otherwise, level 2 is 

the optimum one.



P.43/109

L
8
(27) Orthogonal Array 

 

Factors 

A B C D E F G 

Column number 

 

 

 

Experiment 

number 
1 2 3 4 5 6 7 

1 1 1 1 1 1 1 1 

2 1 1 1 2 2 2 2 

3 1 2 2 1 1 2 2 

4 1 2 2 2 2 1 1 

5 2 1 2 1 2 1 2 

6 2 1 2 2 1 2 1 

7 2 2 1 1 2 2 1 

8 2 2 1 2 1 1 2 

 

� Chromosome c1 are 1.0, 1.0, 1.0, 1.0, 0.0, 0.0, and 0.0.

� Chromosome c2 are 0.0, 0.0, 0.0, 0.0, 1.0, 1.0, and 1.0.  
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Generating a better chromosome from two

chromosomes by using the Taguchi method

 

Factors (f) 

A B C D E F G 

Column number 

 

 

 

Experiment 

Number (i) 1 2 3 4 5 6 7 

 

 

Function 

value 

 

 

ηi 

1 1.0 1.0 1.0 1.0 0.0 0.0 0.0 4.0 1/4.0 

2 1.0 1.0 1.0 0.0 1.0 1.0 1.0 6.0 1/6.0 

3 1.0 0.0 0.0 1.0 0.0 1.0 1.0 4.0 1/4.0 

4 1.0 0.0 0.0 0.0 1.0 0.0 0.0 2.0 1/2.0 

5 0.0 1.0 0.0 1.0 1.0 0.0 1.0 4.0 1/4.0 

6 0.0 1.0 0.0 0.0 0.0 1.0 0.0 2.0 1/2.0 

7 0.0 0.0 1.0 1.0 1.0 1.0 0.0 4.0 1/4.0 

8 0.0 0.0 1.0 0.0 0.0 0.0 1.0 2.0 1/2.0 

Ef1 1.167* 1.167* 1.167 1 1.5 1.5 1.5  

Ef2 1.5* 1.5* 1.5 1.667 1.167 1.167 1.167  

Optimal level 2* 2* 2 2 1 1 1  

Optimal 

chromosome 
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 κ** 
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Mutation Operation

� The basic concept of mutation operation is also 

derived from convex set theory. 

x=(x1, x2, …, xi, xj, xk,…, xN)

x'=(x1, x2, …, x'i, xj, x'k,…, xN)

where x'i= (1- β )xi+β xk , x'k= β xi+(1- β )xk , and β
is a random value, in which β ∈ [0, 1]. 
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Application Example 1

� We adopt the well-known test functions in Table 1 to 

test our proposed HTGA, and to compare the 

performances of our proposed HTGA with the 

performances of OGA/Q presented by Leung and 

Wang (2001). (50 runs)
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Table 1

Test function 
Feasible 

solution space 
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i
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Table 1 (cont.)

Test function 
Feasible solution 

space 
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Table 1 (cont.)

Test function 
Feasible 

solution space 
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Table 1 (cont.)

Test function 
Feasible 

solution space 

∑
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i
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Results and Comparisons

 

Mean number of 

function evaluations 
Mean function value (standard deviation) Test 

function 

HTGA OGA/Q HTGA OGA/Q 

Globally 

minimal 

function value 

f1 163,468 302,166 -12569.4600 (0) -12569.4537 (6.447 ×10-4) -12569.5 

f2 16,267 224,710 0 (0) 0 (0) 0 

f3 16,632 112,421 0 (0) 4.440 ×10-16 (3.989 ×10-17) 0 

f4 20,999 134,000 0 (0) 0 (0) 0 

f5 66,457 134,556 1.000 ×10-6 (0) 6.019 ×10-6 (1.159 ×10-6) 0 

f6 59,003 134,143 1.000 ×10-4 (0) 1.869 ×10-4 (2.615 ×10-5) 0 

f7 265,693 302,773 -92.83 (0) -92.83 (2.626 ×10-2) -99.2784 

f8 186,816 190,031 5.869 ×10-5 (8.325 ×10-5) 4.672 ×10-7 (1.293 ×10-7) 0 

f9 216,535 245,930 -78.3030000 (0) -78.3000296 (6.288 ×10-3) -78.33236 

f10 60,737 167,863 7.000 ×10-1 (0) 7.520 ×10-1 (1.140 ×10-1) 0 

f11 20,844 112,559 0 (0) 0 (0) 0 

f12 20,065 112,652 1.000 ×10-3 (0) 6.301 ×10-3 (4.069 ×10-4) 0 

f13 14,285 112,612 0 (0) 0 (0) 0 

f14 26,469 112,576 0 (0) 0 (0) 0 

f15 21,261 112,893 0 (0) 0 (0) 0 
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Results and Comparisons (cont.)

 

Mean number of function 

evaluations 

Mean function value 

(standard deviation) 
Test 

function 

HTGA OGA/Q HTGA OGA/Q 

Globally 

minimal 

function value 

f1 110,923 302,166 
-12569.4600 

(0) 

-12569.4537 

(6.447×10-4) 
-12569.5 

f2 15,105 224,710 
0 

(0) 

0 

(0) 
0 

f3 14,122 112,421 
0 

(0) 

4.440×10-16 

(3.989×10
-17

) 
0 

f4 16,085 134,000 
0 

(0) 

0 

(0) 
0 

f5 34,274 134,556 
1.000×10-6 

(0) 

6.019×10-6 

(1.159×10-6) 
0 

f6 20,582 134,143 
1.000×10-4 

(0) 

1.869×10-4 

(2.615×10-5) 
0 

f7 219,006 302,773 
-92.83 

(0) 

-92.83 

(2.626×10-2) 
-99.2784 

f8 185,483 190,031 
1.697×10-5 

(2.577×10-5) 

4.672×10-7 

(1.293×10-7) 
0 
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Results and Comparisons (cont.)

Mean number of function 

evaluations 

Mean function value 

(standard deviation) 
Test 

function 

HTGA OGA/Q HTGA OGA/Q 

Globally 

minimal 

function value 

f9 205,785 245,930 
-78.3030000 

(0) 

-78.3000296 

(6.288×10
-3

) 
-78.33236 

f10 39,342 167,863 
7.000×10

-1
 

(0) 

7.520×10
-1

 

(1.140×10
-1

) 
0 

f11 14,310 112,559 
0 

(0) 

0 

(0) 
0 

f12 12,770 112,652 
1.000×10

-3
 

(0) 

6.301×10
-3

 

(4.069×10
-4

) 
0 

f13 12,047 112,612 
0 

(0) 

0 

(0) 
0 

f14 15,420 112,576 
0 

(0) 

0 

(0) 
0 

f15 14,625 112,893 
0 

(0) 

0 

(0) 
0 
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Taguchi-Immune 

Algorithm

In itia liza tio n

N ew  an tib o d y  p o p u la tio n

is  g en e ra ted .

R ep lica tio n

S elec tio n  m ech an ism

M eet s to p p in g  c rite rio n  ?

Y es

N o

M u ta tio n

S T A R T

E N D

T ag u ch i-b a sed  R eco m b in a tio n

C lo n a l p ro life ra tio n

w ith in  h y p erm u ta tio n

C lona l se lc tio n  ra te

R ep licatio n  ra te

S e lec t th e  b e tte r p
s
 an tib o d ies  as

n ew  an tib o d y  p o p u la tio n  o f th e

n ex t g en era tio n .

D isp lay  th e  n u m b er o f fu n c tio n

ca lls  an d  fu n c tio n  v a lu e .

S o rt th e  fu n c tio n  v a lu es  in

in crea s in g  o rd e r am o n g  th e

an tib o d y  p o p u la tio n s  o f las t

an d  cu rren t g en era tio n s .
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Results and Comparisons (cont.)
M e a n  n u m b e r  o f  f u n c t i o n  

e v a l u a t i o n s  

M e a n  f u n c t i o n  v a l u e  

( s t a n d a r d  d e v i a t i o n )  T e s t  

f u n c t i o n  
T I A  H T G A  O G A / Q  T I A  H T G A  O G A / Q  

G l o b a l l y  

m i n i m a l  

f u n c t i o n  

v a l u e  

f 1  6 6 , 4 3 6  1 6 3 , 4 6 8  3 0 2 , 1 6 6  
- 1 2 5 6 9 . 4 6 0 0  

( 0 )  

- 1 2 5 6 9 . 4 6 0 0  

( 0 )  

- 1 2 5 6 9 . 4 5 3 7  

( 6 . 4 4 7 × 1 0
- 4

)  
- 1 2 5 6 9 . 5  

f 2  1 3 , 2 6 7  1 6 , 2 6 7  2 2 4 , 7 1 0  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 3  1 4 , 9 9 6  1 6 , 6 3 2  1 1 2 , 4 2 1  
0  

( 0 )  

0  

( 0 )  

4 . 4 4 0 × 1 0 - 1 6  

( 3 . 9 8 9 × 1 0 - 1 7 )  
0  

f 4  1 5 , 7 4 3  2 0 , 9 9 9  1 3 4 , 0 0 0  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 5  2 3 , 4 9 1  6 6 , 4 5 7  1 3 4 , 5 5 6  
1 . 0 0 0 × 1 0

- 6
 

( 0 )  

1 . 0 0 0 × 1 0
- 6

 

( 0 )  

6 . 0 1 9 × 1 0
- 6

 

( 1 . 1 5 9 × 1 0 - 6 )  
0  

f 6  2 1 , 8 3 7  5 9 , 0 0 3  1 3 4 , 1 4 3  
1 . 0 0 0 × 1 0 - 4  

( 0 )  

1 . 0 0 0 × 1 0 - 4  

( 0 )  

1 . 8 6 9 × 1 0 - 4  

( 2 . 6 1 5 × 1 0
- 5

)  
0  

f 7  1 9 7 , 0 2 4  2 6 5 , 6 9 3  3 0 2 , 7 7 3  
- 9 2 . 8 3  

( 0 )  

- 9 2 . 8 3  

( 0 )  

- 9 2 . 8 3  

( 2 . 6 2 6 × 1 0
- 2

)  
- 9 9 . 2 7 8 4  

f 8  1 6 2 , 3 5 4  1 8 6 , 8 1 6  1 9 0 , 0 3 1  
2 . 4 0 5 × 1 0

- 5
 

( 4 . 4 1 0 × 1 0 - 5 )  

5 . 8 6 9 × 1 0
- 5

 

( 8 . 3 2 5 × 1 0 - 5 )  

4 . 6 7 2 × 1 0
- 7

 

( 1 . 2 9 3 × 1 0 - 7 )  
0  

f 9  1 9 7 , 2 5 1  2 1 6 , 5 3 5  2 4 5 , 9 3 0  
- 7 8 . 3 0 3 0 0 0 0  

( 0 )  

- 7 8 . 3 0 3 0 0 0 0  

( 0 )  

- 7 8 . 3 0 0 0 2 9 6  

( 6 . 2 8 8 × 1 0 - 3 )  
- 7 8 . 3 3 2 3 6  

f 1 0  1 9 , 0 6 7  6 0 , 7 3 7  1 6 7 , 8 6 3  
7 . 0 0 0 × 1 0 - 1  

( 0 )  

7 . 0 0 0 × 1 0 - 1  

( 0 )  

7 . 5 2 0 × 1 0 - 1  

( 1 . 1 4 0 × 1 0
- 1

)  
0  

f 1 1  1 5 , 6 2 3  2 0 , 8 4 4  1 1 2 , 5 5 9  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 1 2  1 1 , 4 7 5  2 0 , 0 6 5  1 1 2 , 6 5 2  
1 . 0 0 0 × 1 0 - 3  

( 0 )  

1 . 0 0 0 × 1 0 - 3  

( 0 )  

6 . 3 0 1 × 1 0 - 3  

( 4 . 0 6 9 × 1 0 - 4 )  
0  

f 1 3  1 2 , 8 6 4  1 4 , 2 8 5  1 1 2 , 6 1 2  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 1 4  2 0 , 8 3 1  2 6 , 4 6 9  1 1 2 , 5 7 6  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 1 5  1 4 , 4 3 1  2 1 , 2 6 1  1 1 2 , 8 9 3  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  
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Results and Comparisons (cont.)
 

M e a n  n u m b e r  o f  f u n c t i o n  

e v a l u a t i o n s  

M e a n  f u n c t i o n  v a l u e  

( s t a n d a r d  d e v i a t i o n )  T e s t  

f u n c t i o n  
T I A  H T G A  O G A / Q  T I A  H T G A  O G A / Q  

G l o b a l l y  

m i n i m a l  

f u n c t i o n  

v a l u e  

f 1  6 3 , 7 4 5  1 1 0 , 9 2 3  3 0 2 , 1 6 6  
- 1 2 5 6 9 . 4 6 0 0  

( 0 )  

- 1 2 5 6 9 . 4 6 0 0  

( 0 )  

- 1 2 5 6 9 . 4 5 3 7  

( 6 . 4 4 7 × 1 0
- 4

)  
- 1 2 5 6 9 . 5  

f 2  1 3 , 0 5 9  1 5 , 1 0 5  2 2 4 , 7 1 0  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 3  1 3 , 9 6 4  1 4 , 1 2 2  1 1 2 , 4 2 1  
0  

( 0 )  

0  

( 0 )  

4 . 4 4 0 × 1 0
- 1 6

 

( 3 . 9 8 9 × 1 0
- 1 7

)  
0  

f 4  1 3 , 4 2 4  1 6 , 0 8 5  1 3 4 , 0 0 0  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 5  1 5 , 4 1 5  3 4 , 2 7 4  1 3 4 , 5 5 6  
1 . 0 0 0 × 1 0

- 6
 

( 0 )  

1 . 0 0 0 × 1 0
- 6

 

( 0 )  

6 . 0 1 9 × 1 0
- 6

 

( 1 . 1 5 9 × 1 0
- 6

)  
0  

f 6  1 3 , 6 2 4  2 0 , 5 8 2  1 3 4 , 1 4 3  
1 . 0 0 0 × 1 0

- 4
 

( 0 )  

1 . 0 0 0 × 1 0
- 4

 

( 0 )  

1 . 8 6 9 × 1 0
- 4

 

( 2 . 6 1 5 × 1 0
- 5

)  
0  

f 7  1 7 7 , 3 4 8  2 1 9 , 0 0 6  3 0 2 , 7 7 3  
- 9 2 . 8 3  

( 0 )  

- 9 2 . 8 3  

( 0 )  

- 9 2 . 8 3  

( 2 . 6 2 6 × 1 0
- 2

)  
- 9 9 . 2 7 8 4  

f 8  1 4 3 , 0 2 6  1 8 5 , 4 8 3  1 9 0 , 0 3 1  
1 . 2 6 4 × 1 0

- 5
 

( 1 . 7 4 2 × 1 0
- 5

)
 

1 . 6 9 7 × 1 0
- 5

 

( 2 . 5 7 7 × 1 0
- 5

)  

4 . 6 7 2 × 1 0
- 7

 

( 1 . 2 9 3 × 1 0
- 7

)  
0  

f 9  1 9 2 , 8 7 3  2 0 5 , 7 8 5  2 4 5 , 9 3 0  
- 7 8 . 3 0 3 0 0 0 0  

( 0 )  

- 7 8 . 3 0 3 0 0 0 0  

( 0 )  

- 7 8 . 3 0 0 0 2 9 6  

( 6 . 2 8 8 × 1 0
- 3

)  
- 7 8 . 3 3 2 3 6  

f 1 0  1 6 , 4 6 3  3 9 , 3 4 2  1 6 7 , 8 6 3  
7 . 0 0 0 × 1 0

- 1
 

( 0 )  

7 . 0 0 0 × 1 0
- 1

 

( 0 )  

7 . 5 2 0 × 1 0
- 1

 

( 1 . 1 4 0 × 1 0
- 1

)  
0  

f 1 1  1 3 , 0 5 5  1 4 , 3 1 0  1 1 2 , 5 5 9  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 1 2  9 , 0 8 0  1 2 , 7 7 0  1 1 2 , 6 5 2  
1 . 0 0 0 × 1 0

- 3
 

( 0 )  

1 . 0 0 0 × 1 0
- 3

 

( 0 )  

6 . 3 0 1 × 1 0
- 3

 

( 4 . 0 6 9 × 1 0
- 4

)  
0  

f 1 3  1 1 , 5 0 7  1 2 , 0 4 7  1 1 2 , 6 1 2  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 1 4  1 2 , 0 2 3  1 5 , 4 2 0  1 1 2 , 5 7 6  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  

f 1 5  1 1 , 4 3 5  1 4 , 6 2 5  1 1 2 , 8 9 3  
0  

( 0 )  

0  

( 0 )  

0  

( 0 )  
0  
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Application Example 2

� Solve the problem of tuning both network 

structure and parameters of a feedforward neural 

network.
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Problem Definition
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Figure 1. Three-layer feedforward neural network.
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Sunspot Cycles

� Sunspot cycles from year 1700 to 1980. 
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Results and Comparisons

� Results of fitness values for the example on 

forecasting the sunspot numbers by using the HTGA 

approach. (20 runs) 

nh Best Average Std. Dev. 

4 0.95619 0.95580 0.00022 

5 0.95627 0.95593 0.00028 

6 0.95625 0.95608 0.00014 

7 0.95622 0.95592 0.00025 

8 0.95621 0.95566 0.00043 
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Results and Comparisons (cont.)

 

HTGA Approach 

nh Fitness Value Training Error Forecasting Error Number of Links 

4 0.95619 9.16351 13.81871 7 

5 0.95627 9.14655 13.79772 8 

6 0.95625 9.15012 13.87047 9 

7 0.95622 9.15610 13.77482 10 

8 0.95621 9.15985 13.73850 11 

Method of Leung et al. (2001, 2003) 

nh Fitness Value Training Error Forecasting Error Number of Links 

4 0.9429 12.1116 13.9734 9 

5 0.9448 11.6850 13.8354 17 

6 0.9453 11.5730 14.0933 18 

7 0.9426 12.1791 14.7434 13 

8 0.9407 12.6076 14.3516 13 

 



P.62/109

Application Example 3

� Solve the mixed H2/H∞ structure-specified controller 

design problems of multi-input and multi-output 

(MIMO) systems under both plant uncertainties and 

external disturbances.

� Consider the longitudinal control system of the 

supermaneuverable F18/HARV fighter aircraft 

(Voulgaris and Valavani, 1991; Chen and Cheng, 

1998).
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Problem Definition

C(s) P(s)(I+  P(s))
R(s) E(s) U(s)

D(s)

Y(s)

-

∆

Figure 1. Control system with plant uncertainty and external disturbance.

+
+

+
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Problem Definition (cont.)

� The structure-specified controller C(s) is described 
by the following form: 
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Problem Definition (cont.)

� By applying the H∞ norm ( Kwakernaak, 1985; 
Francis, 1987; Stoorvogel, 1992): 

 

1))))()((()))()((((sup)(
2

2

2
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� H2 performance index:  
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Design Example

� External disturbance d1(t)=d2(t)=d3(t)=0.01e-0.2tcos(3162.3t) 

and the plant uncertainty

),()()( tuBtAxtx v+=&

),()( tCxty =

332

2

10020

2.12.1012.0
)( ×

++
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� PI type controller 
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=
033032031

023022021

013012011

133132131

123122121

113112111

)(

� The longitudinal dynamics of the system can be described 
with the following state space form (Voulgaris and Valavani, 
1991): 
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Results and Comparisons

� Tracking responses for F18/HARV fighter aircraft control 
system that suffers from both plant uncertainties and external 
disturbances. 

HTGA Approach

Approach of Chen and Cheng 

Approach of Ho et al. 
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Application Example 4

� Solve the problem of designing the optimal 

digital infinite impulse response (IIR) filters.  
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Problem Statement 

� Let H(ω, x) denote the transfer function of a digital 
filter, where x indicates the filter coefficients (e.g., 
poles and zeros). The magnitude of H(ω, x) is 
denoted as |H(ω, x)|. The fundamental structure of 
H(ω, x), regardless of the filter type, can be given as

� where x = (a1, b1, …, aM, bM, c11, c21, d11, d21, …, c1N, 
c2N, d1N, d2N, γ) denotes the filter parameters, and α is 
a positive normalizing constant such that the 
maximum value of |H(ω, x)| is 1. 
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Results and Comparisons

� We adopt the same examples and genetic 

operational parameters as those considered by 

Tang et al. (1998) to test our proposed HTGA 

approach, and to compare the performances of 

our proposed HTGA approach with those of the 

GA-based approach given by Tang et al. (1998).
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Results and Comparisons (cont.)

HTGA Approach 

Filter 

type 
L1-norm error L2-norm error 

Passband performance 

(Ripple magnitude) 

Stopband performance 

(Ripple magnitude) 

LP 4.2511 0.4213 
0.9004 ≤ |H (e  

jω
) | ≤  1 .0000 

(0.0996) 

|H (e  
jω

) | ≤  0 .1247 

(0.1247) 

HP 4.8372 0.4558 
0.9460 ≤ |H (e  

jω
) | ≤  1 .0000 

(0.0540) 

|H (e  
jω

) | ≤  0 .1457 

(0.1457) 

BP 1.9418 0.2350 
0.9760 ≤ |H (e  

jω
) | ≤  1 .0000 

(0.0234) 

|H (e  
jω

) | ≤  0 .0711 

(0.0711) 

BS 4.5504 0.4824 
0.9563 ≤ |H (e  

jω
) | ≤  1 .0000 

(0.0437) 

|H (e  
jω

) | ≤  0 .1013 

(0.1013) 

Method of Tang et al. (1998) 

Filter 

type 
L1-norm error L2-norm error 

Passband performance 

(Ripple magnitude) 

Stopband performance 

(Ripple magnitude) 

LP 4.3395 0.5389 
0.8870 ≤ |H (e  

jω
) | ≤  1 .0009 

(0.1139) 

|H (e  
jω

) | ≤  0 .1802 

(0.1802) 

HP 14.5078 1.2394 
0.9224 ≤ |H (e  

jω
) | ≤  1 .0003 

(0.0779) 

|H (e  
jω

) | ≤  0 .1819 

(0.1819) 

BP 5.2165 0.6949 
0.8956 ≤ |H (e  

jω
) | ≤  1 .0000 

(0.1044) 

|H (e  
jω

) | ≤  0 .1772 

(0.1772) 

BS 6.6072 0.7903 
0.8920 ≤ |H (e  

jω
) | ≤  1 .0000 

(0.1080) 

|H (e  
jω

) | ≤  0 .1726 

(0.1726) 
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Results and Comparisons (cont.)

� Low-pass (LP) filter
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Results and Comparisons (cont.)

� High-pass (HP) filter
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Results and Comparisons (cont.)

� Bandpass (BP) filter
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Results and Comparisons (cont.)

� Bandstop (BS) filter
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Application Example 5

� Solve the job-shop scheduling problem (JSP), 

which is one of the best-known machine 

scheduling problems and is among the hardest 

combinatorial optimization problems (Gen and 

Cheng, 1997).
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Problem Statement 

� The JSP is a scheduling problem that considers M
different machines and N different jobs.

� Each of the jobs consists of Q operations and each of 
the operations requires a different machine.

� All the operations of each job are processed in the 
fixed processing order. Each operation is 
characterized by the required machine and the fixed 
processing time. 

� A job is processed on one machine at a time and 
machines are available continuously.

� The JSP is a NP-hard problem, as the size of M
machines and N jobs increases.
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Schedule Encoding

� Job-shop scheduling is a sequencing problem of M 

machines and N jobs. Each job consists of a chain 

of operations. All the operations of each job are 

processed in the fixed processing order. Suppose 

that the available set of      machines is     , and the 

index of the machine      is   , then we have

M MC

mc k

{ }.,,2,1 MkmcMC k K==
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Schedule Encoding (cont.)

� Let the available set of total operations of     jobs be      , and 

the indices of the operation      be    and   , then we have 

where each entry in       contains information such as job 

number, operation sequence of the job, machine number, and 

processing time of an operation. Thus, it can be formulated as 

a vector,

where       is the number of a job,                indicates the 

operation sequence of       ,      denotes the machine to 

perform operation                 , and    is the processing time of 

operation                 on machine       .

N

i k

{ },,,2,1,,2,1 MkandNiopOP ik KK ===

ikop

ijob
koperation

ijob
kmc

koperation t

koperation kmc

OP

[ ],,,, tmcoperationjobop kkiik =

op
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Schedule Encoding (cont.)

� Consider a  case of three jobs each of which has three 

operations. A nine-dimensional vector is constructed as: 

where, as an example,                                       and  

so on. The first gene “1” of OP is the first operation of the 

job 1, which is performed on machine 3 and the processing 

time 10. The second gene “1” of OP is the second operation 

of job 1, which is performed on machine 2 and the 

processing time 8. The third gene “1” of OP is the third 

operation of job 1, which is performed on machine 1 and 

the processing time 9. The fourth gene “2” of OP is the first 

operation of job 2. The fifth gene “2” of OP is the second 

operation of job 2, and so on.

( ) ( ),,,,,,,,,3,3,3,2,2,2,1,1,1 333231232221131211 opopopopopopopopopOP ==

[ ] [ ] [ ],9,1,3,1,8,2,2,1,10,3,1,1 131211 === opopop
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Taguchi-Based Crossover

� (Four-Job Four-Machine Example)



P.82/109

Results and Comparisons

� We adopt the same examples, the famous 

10×10FT and 20×5FT problems, as those 

considered by Tsujimura et al. (2001) and Wang 

and Zheng (2001, 2002) to test our proposed 

HTGA approach, and to compare the 

performance of our proposed HTGA approach 

with the performances of those GA-based 

approaches given by Tsujimura et al. (2001) and 

Wang and Zheng (2001, 2002).
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Results and Comparisons (cont.)
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Results and Comparisons (cont.)
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Results and Comparisons (cont.)

� Computational results in different methods for the 10×10FT 

(optimal: 930) (20 runs)

� GA, SyGA1, and SyGA2 are the methods proposed by Tsujimura et al. (2001). 

� MGA is the method proposed by Wang and Zheng (2001, 2002).

� EVIS is the method proposed by Kim and Lee (1998).

� HTGA is the method proposed by Liu et al. (2006).

06.410NA17.0915.8519.45Std. div.

930943.48930953.7965.5965.85993Average

930930930930930937966Best

TBGAHTGAEVISMGASyGA2SyGA1GAMethod
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Results and Comparisons (cont.)

� Computational results in different methods for the 

20×5FT (optimal: 1165) (20 runs)

� GA, SyGA1, and SyGA2 are the methods proposed by Tsujimura et al. 

(2001). 

� MGA is the method proposed by Wang and Zheng (2001, 2002).

� EVIS is the method proposed by Kim and Lee (1998).

� HTGA is the method proposed by Liu et al. (2006).

06.32NANA23.2415.5124.21Std. div.

11651172.51165.271179.221233.751214.91251.1Average

1165116511651165117811891210Best

TBGAHTGAEVISMGASyGA2SyGA1GAMethod
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Results and Comparisons (cont.)

� Comparisons between MGA and TBGA for the Lawrence benchmarks

017841784017841784178430  10LA31

012181218NA1223.41218121820  10LA26

1.961056.51053NA1073.11058104615  10LA21

0945945NA954.594594510  10LA16

012221222012221222122220  5LA11

Std. dev.AverageBestStd. dev.AverageBest

TBGAMGA

OptimumSizeProblem

×

×

×

×

×
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Results and Comparisons (cont.)

� Comparisons between EVIS and TBGA for the Lawrence benchmarks
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Application Example 6

� Robust Quadratic-Optimal Control of TS-

Fuzzy-Model-Based Dynamic Systems with 

Both Elemental Parametric Uncertainties and 

Norm-Bounded Approximation Error
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Problem Statement

Consider the following nonlinear control system with parametric 

uncertainties: 

( ) ( ) ( )( ) ( ) ( )( ) ( ).,, tuttxgttxftx θθ +=&                (1)

With N the number of rules, the nonlinear control system with parametric 

uncertainties in (1) can be represented by the following 

TS(Takagi-Sugeno)-fuzzy-model-based dynamic system with both parametric 

uncertainties and approximation error: 

( ) ( )( ) ( )( ) ( ) ( )( ) ( )[ ] ( ),~

1

tugftutBBtxtAAtzhtx
N

i

iiiii ∆+∆+∆++∆+=∑
=

&  (2)

where        ( ) ( )∑
=

=∆
a

k

ikiki EttA
1

ε  and ( ) ( ) .
1

∑
=

=∆
a

k

ikiki VttB η          (3) 
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Here, we consider the following parallel-distributed-compensation (PDC) controller: 

( ) ( )( ) ( ),
1

txFtzhtu i

N

i

i∑
=

−=                             (4)

By substituting (3) and (4) into (2), we can get the closed-loop uncertain 

TS-fuzzy-model-based dynamic system as 

( ) ( )( ) ( )( ) ( ) ( ) ( ) ,
1 1 11

gftxFVtBEtAtzhtzhtx
N

i

N

j

j

a

k

ikiki

a

k

ikikiji ∆+∆+















+−+=∑∑ ∑∑

= = ==

ηε&      (5) 

where                 ( )( ) ( ).~

1

∑
=

∆−=∆
N

j

jj txFgtzhg                            (6) 

Problem Statement (cont.)
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As the works of Chen et al. (1999), it is assumed that there exist bounding matrices  iA
~

∆

and iB
~

∆  such that 

( )( ) ( ) ( )( ) ( ) ( )txAtxAtzhtxAtzhf p

N

i

pii

N

i

ii ≤=∆≤∆ ∑∑
== 11

~
δ               (7)

and 

( )( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) .
~

11 11 1

txFBtzhtxFBtzhtzhtxFBtzhtzhg jp

N

j

j

N

i

N

j

jpiji

N

i

N

j

jiji ∑∑∑∑∑
== == =

≤=∆≤∆ ξ

(8)

Problem Statement (cont.)
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Theorem: 

For the specified local feedback gain matrices 
iF  in (4), there exist a symmetric positive 

definite matrix P  such that the following linear-matrix-inequalities (LMIs) are 

simultaneously satisfied: 

( )

( )
,0

0

0

2

1T

TT

<
















−

−

++

−

pp

jp

jpijlijl

AAP

IFPB

PFPBIPUPU

                   (9)

for ,,,2,1, Nji K=  and ,2,,2,1 2a
l K=  where I denotes the identity matrix, and 

( ) ( )( ) ( )
( )

.

or

or0

ikikik

ikikik

a

k
ijkik

j

ikikijl

t

t
LtEtU

ηηη

εεε
ηε

=

=
∑ −=
=

                   (10)

Problem Statement (cont.)
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The problem considered is how to specify the local feedback gain matrices 
iF

( )Ni ,,2,1 K=  of the PDC controller (4) such that (i) the constraint of LMI-based robust 

stabilizability condition (11) can be satisfied, and (ii) the optimal control performance for the 

nominal TS-fuzzy-model-based dynamic system  

( ) ( )( ) ( ) ( )( )∑
=

+=
N

i

iii tuBtxAtzhtx
1

&                         (11)

can be achieved by minimizing the following H2 quadratic finite-horizon integral performance 

index: 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]( )
.

1

0

1 

 

TT

0

TT ∑∫∫
−

=

+

+=+=
q

k

tk

tk

tq

dttuRtutxQtxdttuRtutxQtxJ
f

f

f

       (12)

Problem Statement (cont.)
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Use a systematic approach for specifying the local feedback gain matrices 
iF

( )Ni ,,2,1 K=  of the PDC controller (4) to do the following two steps: 

Step 1: check the constraint of LMI-based robust stabilizability condition (9), 

Step 2: minimize the H2 quadratic finite-horizon integral performance index (12) for 

the nominal TS-fuzzy-model-based dynamic system (11). 

Problem Statement (cont.)
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Robust Quadratic-Optimal PDC Controllers Design

The state vector ( )tx  can be represented by the truncated orthogonal functions (OF) as 

( ) ( ) ( ) ( ) ( ),~
1

0

∑
−

=

==
m

s

k

s

k

s tTxtTxtx                           (13)

The quadratic integral performance index J becomes the following algebraic form: 

( )( ) ( ) ( ) ( )( ) .~~trace
1

0 1

T

1

T

∑ ∑∑
−

= = = 





















+=

q

k

k
N

i

ji

N

j

kjki

k
xFRFzhzhQxWJ             (14)

The coefficient matrix ( )k
x~  can be obtained as 

( ) ( ) ( ) ( )( ) ( ).ˆˆ

1

1 1

T k
N

i

N

j

jiikjkimn

k
QFBAHzhzhIx

−

= =









−⊗−= ∑∑               (15)
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The value of the performance index of algebraic form in (14) is actually dependent on the set 

of local feedback gain matrices { },,,, 21 NFFF K  which means 

( ),,,, 112111 NrnfffGJ K=                           (16)

The design problem of the robust quadratic-optimal PDC controller is to search for the 

optimal ijkf  such that (i) there exist a symmetric positive definite matrix P  to make the 

LMIs in (9) hold, and (ii) the performance index of algebraic form in (14) is minimized. This 

is equivalent to the static constrained-optimization problem 

min ( )NrnfffGJ ,,, 112111 K=                          (17)

The HTGA can be employed to search for the optimal solution of (17). 

Robust Quadratic-Optimal PDC Controllers Design (cont.)
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Illustrative Example

A balancing problem of an inverted pendulum on a cart is considered and given below: 

( ) ( ),21 txtx =&                                                   (18a)

( )
( )( ) ( )( )2

1

2
2

cos

1

txlmlmJmM
tx

−++
=&  

( ) ( ) ( )( ) ( ) ( )[ txtxtxlmtxmMf 11

2

220 cossin−+−⋅  

( ) ( ) ( ) ( )],cossin 11 tutxlmtxlgmmM −++           (18b)
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We approximate the system with the nominal friction factor by the following four-rules TS 

fuzzy model: 

:
~1
R  IF ( )tx1  is about 0 rad, THEN ( ) ( ) ( ),11 tuBtxAtx +=&               (19a)

:
~ 2
R  IF ( )tx1  is about 9π±  rad, THEN ( ) ( ) ( ),22 tuBtxAtx +=&           (19b)

:
~3
R  IF ( )tx1  is about 92π±  rad, THEN ( ) ( ) ( ),33 tuBtxAtx +=&           (19c)

:
~ 4
R  IF ( )tx1  is about 3π±  rad, THEN ( ) ( ) ( ),44 tuBtxAtx +=&           (19d)

Illustrative Example (cont.)
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Fig. 1. Membership functions of the TS-fuzzy-model-based system . 

Illustrative Example (cont.)
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It is assumed that the parametric uncertainty of this example arises from the uncertain 

friction factor ( ).tf  The TS fuzzy model with both one elemental parametric uncertainty 

and norm-bounded approximation error is of the form 

( ) ( )( ) ( )( ) ( ) ( )[ ] ,
4

1

1 gftuBtxtAAtxhtx
i

iiii ∆+∆++∆+=∑
=

&                 (20)

The quadratic finite-horizon integral performance index is 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]( )
,

1

0

1

 

TT
5

0

TT ∑∫∫
−

=

+

+=+=
q

k

tk

tk
dttuRtutxQtxdttuRtutxQtxJ

f

f

        (21)

Illustrative Example (cont.)
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After using the proposed integrative approach and the LMI toolbox, the optimal local 

feedback gain matrices are 

[ ],1691.371627.2371 −−=F  [ ],0221.913540.3652 −−=F  

[ ],1953.684661.2633 −−=F  [ ],1357.505067.2414 −−=F  

and a symmetric positive definite matrix P is 

.
0.04960.1738

0.17380.8193








=P  

And we have the bounding matrices 







=

00224.017216.0

0080.00
pA  and .

00546.0

0








=pB  

The inequalities, ( )txAf p≤∆  and ( )( ) ( ) ,
4

1

∑
=

≤∆
j

jpj txFBtzhg  are satisfied. 

Illustrative Example (cont.)



P.103/109

Illustrative Example (cont.)

Fig. 2. Response of the angle ( )tx1 . 
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Illustrative Example (cont.)

Fig. 3. Response of the angular velocity ( )tx2 . 
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Illustrative Example (cont.)

Fig. 4. Control input ( )tu . 
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Fig. 5. Plots of f∆  (dash line) and ( )txAp  (solid line). 

Illustrative Example (cont.)
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Fig. 6. Plots of g∆  (dash line) and ( )( ) ( )∑
=

4

1j

jpj txFBtzh  (solid line). 

Illustrative Example (cont.)
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Conclusions

� The HTGA combines the TGA, which has the merit of 
powerful global exploration capability, with the 
Taguchi method, which can exploit the optimum 
offspring. 

� We apply the HTGA approach to solve the function 
optimization and combinatorial optimization problems 
and show its capability, feasibility, and robustness.

� The proposed HTGA possesses the merits of global 
exploration, fast convergence, robustness, and 
statistical soundness.  

� The fusion of soft computing and hard computing can 
provide the innovative and competitive approaches to 
solve many problems.  
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Thank you for your attention.


